Ω -weighted Caccioppoli-type estimates for A-harmonic tensors. Furthermore, by Whitney covering lemma, we obtain the global results in domain Ω ⊂ R n . These results can be used to study the integrability of differential forms and to estimate the integrals for differential forms.
Introduction
Let e 1 , e 2 , . . . , e n denote the standard orthogonal basis of R n . Suppose that Λ l Λ l R n is the linear space of all l-vectors, spanned by the exterior product e I e i 1 
1.1
For a differential l-form ω ∈ D Ω, ∧ l , its vector-valued differential form ∇ω ∂ω/∂x 1 , ∂ω/∂x 2 , . . . , ∂ω/∂x n is composed of the differential l-form ∂ω/∂x i ∈ D Ω, ∧ l , i 1, 2, . . . , n, here the partial derivatives are with respect to the coefficients of ω. Usually, 
are operators satisfying the following conditions for almost all x ∈ Ω and ξ ∈ ∧ l R n :
where a > 0 and b > 0 are two constants, and 1 < p < ∞ is a fixed exponent dependent on The next lemma is the generalized Hölder inequality which will be widely used in this paper. for all balls or cubes B with σB ⊂ Ω.
The following Whitney covering lemma appears in 4 . 
Now we are ready to prove the local weighted Caccioppoli-type inequality for homogeneous A-harmonic tensors. 
2.7
Here α is any constant with 0 < α < 1. 
Proof. Choosing t s/
≤ C 1 diam B −1 u − c t,σ 1 B B ω 1 dx α/s .
2.10
Since c is a closed form and u is a solution to 1.5 , u − c is still a solution to 1. 
2.12
By the condition 
2.14
Since diam B C 6 |B| 1/n , inequality 2.14 can be rewritten as
2.15
By simple computation, we know that
Then we can change inequality 2.15 into
2.17
When r 1, taking m < s and by Lemma 2.4, we obtain 
2.20
Since diam B C 11 |B| 1/n and |σB| σ n |B|, inequality 2.20 can be rewritten as
2.21
Because of t s/ 1 − α , we have that
2.22
The proof of Theorem 2.6 is completed.
Since there are fore real parameters, α, λ, β, and r, in Theorem 2.6, we can obtain some desired versions of weighted Caccioppoli-type estimates by different choices of them. Let β n − 1 in Theorem 2.6, we obtain the following corollaries. 
The Local Weighted Estimates for the Decomposition
The Hodge decomposition theorem has been playing an important part in partial differential equation, the operator theory, and so on. In the recent years, there are some interesting conclusions on the Hodge decomposition of differential forms; see 5, 6 . In 7 , there is the
here C is a positive constant.
Definition 3.2. The weight ω x satisfies the A r -condition on the set E ⊂ R n , write ω ∈ A r E , if ω x > 0, a.e., and for all balls B ⊂ E, one has that
where r > 1.
The next lemma states the reverse Hölder inequality for A r E -weight; see 8 .
Lemma 3.3. Assume that ω ∈ A r E . Then, there exists a constant C, independent of ω, for all balls
where β > 1 is a real number.
In this section, we will extend 3.2 to the weighted form.
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Theorem 3.4. Let u ∈ L p Ω, ∧ l be the solution to the nonhomogeneous A-harmonic equation here σ > 1 is a constant. Putting 3.11 into 3.12 , we get
3.13
By Lemma 2.3, the following inequality holds:
3.14 Combining 3.13 with 3.14 , we obtain the following estimate:
3.15
Since ω ∈ A r Ω , we have
3.16
Putting 3.16 into 3.15 , we get
Recall that s p/ 1 − α , t p/ 1 α r − 1 , then we have
So 3.17 can be rewritten as
When α 1, by Lemma 3.3, we know that
where β > 1. So inequality 3.4 is true for 0 < α ≤ 1.
The Global Weighted Estimates
Based on the local weighted estimate for the decomposition and the Whitney covering lemma, we get the global weighted estimate on domain Ω ⊂ R n .
4.1
where 0 < α ≤ 1 and C > 0 is a constant.
Proof. By Lemma 2.5, Ω ⊂ R n has a modified Whitney cover of cubes ν {B i }. Let σ 5/4. First, we assume that all cubes B i satisfy σB i ⊂ Ω. By Lemma 2.5 and 3.6 , we know that
4.2
In the above proof, if there exists one cube B 0 ∈ ν, such that σB 0 can not be contained in Ω completely, the proof is as follows. Set Ω 1
B∈ν σB, and define U x on Ω 1 as follows: 
4.5
The proof of Theorem 4.1 is completed.
In Theorems 3.4 and 4.1, there is a real parameter α, which makes the results more flexible. By choosing different value of the parameter α, we get the estimates in different forms. For example, if we take α 1, we have the following corollary. 
4.6
where C > 0 is a constant.
